Abstract. In constant-roll inflation, the scalar field that drives the accelerated expansion of the Universe is rolling down its potential at a constant rate. Within this framework, we highlight the relations between the Hubble slow-roll parameters and the potential ones, studying in detail the case of a single-field Coleman-Weinberg model characterised by a non-minimal coupling of the inflaton to gravity. With respect to the exact constant-roll predictions, we find that assuming an approximate slow-roll behaviour yields a difference of ∆r = 0.001 in the tensor-to-scalar ratio prediction. Such a discrepancy is in principle testable by future satellite missions. As for the scalar spectral index n s , we find that the existing 2-σ bound constrains the value of the non-minimal coupling to ξ φ ∼ 0.29 − 0.31 in the model under consideration.
Introduction
According to the theory of cosmic inflation [1] [2] [3] [4] , our Universe underwent a period of exponential expansion during the first instants after its birth. The reasons for considering such a possibility stem from several fine-tuning problems of traditional hot big bang cosmology, namely the horizon and flatness problems, which find a natural solution in the proposed accelerated growth. A fast expansion, in fact, depletes any initial curvature contribution to the energy balance of the Universe and allows for arbitrarily wide particle horizons, resulting in the remarkable temperature uniformity observed at large scales. Inflation also has the merit of providing a way to preserve primordial inhomogeneities, the power spectrum of which is currently being probed in several experiments [5] [6] [7] [8] . Although the precise mechanism driving the inflationary dynamics is still a mystery, these observations have started to constrain the properties of known inflationary models. In particular, the latest data from the BICEP2/Keck collaboration [8] cast strong constraints on the tensor-to-scalar ratio r, a quantity related to the amplitude of primordial gravitational waves and to the scale of inflation. As a consequence, the predictions of the so-called "linear inflation" model for r as a function of the scalar spectral index n s now lie about 2σ away from the central value, leaving linear inflation as the first model to be possibly ruled out with the upcoming data release.
Although the scalar potential of linear inflation may seem unusual within a quantum field theory context, it has been shown that Coleman-Weinberg (CW) inflation [9] can give rise to a linear potential provided that the inflaton field is non-minimally coupled to gravity and that the Planck scale is dynamically generated [10] [11] [12] [13] [14] 1 . More in general, CW inflation is a well established framework [3, 4, [16] [17] [18] which recently became the subject of a new wave of studies [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] motivated by the discovery of the Higgs boson at the LHC [30, 31] and by the apparent lack of symmetries that stabilise its mass. These studies embrace the principle of classical scale invariance as a possible answer [32, 33] , proposing a dynamical generation of mass scales via dimensional transmutation [9] , through CW potentials induced by new scalar particles [21, 22, [34] [35] [36] .
In the present paper, we remain within the framework of CW linear inflation, studying precisely the model where the inflaton is coupled to gravity non-minimally [37, 38] and the dynamics is regulated by a CW potential. The novelty of our work lies is in the comparison of the results obtained in the slow-roll formalism with the predictions of constant roll , which generalises the former. Whereas in the slow-roll regime the second-derivative term in the Klein-Gordon equation of the inflaton is simply neglected, within constant roll it is taken to be proportional to the first derivative of the field, in a way that the rate of rolling of the inflaton field,φ/(Hφ) ≡ β, is constant. Depending on the value of β, constant roll then interpolates between the standard slow-roll regime, recovered for β 0, and the ultra-slowroll case [39, 53, [60] [61] [62] [63] [64] [65] given by β = −3. Not all these solutions comply with the current observational bounds, in particular models with β < 0 induce an anomalous super-Hubble evolution of curvature perturbations that place the scale of inflation below the big bang nucleosynthesis one [40] . As we will see, for the case of linear inflation, the constant-roll formalism selects a region of the parameters space which respects the current experimental bounds and that results in predictions well distinguished from the corresponding slow-roll solutions of the model. The paper is organised as follows: in Sec. 2 we briefly revise the basis of constant-roll inflation, before introducing the specific model under examination in Sec. 3. In Sec. 4 we then illustrate the results obtained for the relevant inflationary observables under both the slowroll and constant-roll regimes. We conclude in Sec. 5 and present further technical details in Appendix A.
Constant-roll inflation
Constant-roll inflation is a class of phenomenological models characterised by a constant rate of the inflaton 
with β being a constant. The framework interpolates between the slow-roll inflation, for whichφ 0 and the so-called ultra-slow-roll inflation [62, 64] , satisfying 2 V (φ) = 0 over a range of field values. These two regimes are respectively reproduced for β 0 and β = −3.
The Hubble slow-roll parameters (HSRPs) are defined as
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These quantities generally differ from the potential slow-roll parameters (PSRPs), which have the following forms: 5) with V being the Einstein frame scalar potential. The Friedmann equations for the problem at hand are
whereas the inflaton equation of motion is
By using these equations we can now express the first two PSRPs in terms of the corresponding HSRPs as [66] 
Clearly, in the slow-roll approximation ( H 1, β → 0) we simply have [66] V H , (2.11)
Differently, for constant roll the first term in the RHS of eq. (2.10) vanishes identically and it is therefore possible to solve the coupled system of equations to find expressions for H and η H in terms of the PSRPs; the full solution is presented in Appendix A. Notice that at the end of inflation, when H = 1, from eq. (2.9) it follows that
We also remark that in the context of constant roll, η H remains constant for the whole duration of inflation. Consequently, if we specify the value of the scalar field φ at the end of inflation by means of eq. (A.1), we can easily calculate V and then η H (or β).
To conclude this technical introduction, we report the standard expressions for the tensorto-scalar ratio r and the scalar spectral index n s in terms of the HSRPs:
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The model
Linear inflation and its different realisations [10] [11] [12] [13] [14] recently took the spot because the predictions of the slow-roll formalism within this model fall on the outer boundary of the 2-σ region indicated by the BICEP2 data [8] . It is then plausible that linear inflation will be ruled out, if not confirmed, with the next data release. In preparation for the latter, it is then important to detail the theoretical aspects of the theory to fully characterise the scenario. In regard of this, and according to our knowledge, we present below the first analysis of the constant-roll predictions within linear inflation.
In particular, we study the effects of constant-roll inflation within the non-minimally coupled model presented originally in [11] , where linear inflation appears as an attractor solution.
The model is encapsulated in the following Lagrangian, given in the Jordan frame (denoted by barred quantities):
Here R is the Ricci scalar,V 1−loop (φ) a generic 1-loop CW scalar potential,
and v φ is the vacuum expectation value (VEV) of the inflatonφ. The latter is also responsible for inducing an Einstein-Hilbert term in the Lagrangian (3.1). Hence, in order to dynamically generate the Planck scale, the VEV v φ of the inflaton field must be set to
Notice that such a relation automatically implies ξ φ > 0.
As is customary in inflation model building, the cosmological constant Λ is tuned so that the potential vanishes at its minimum:
By using eqs. (3.3) and (3.4), as well as by requiring that vφ = 0, it is possible to show [11] that the inflaton potential can be rewritten as
Choosing now to work in the Einstein frame for simplicity 3 , the scalar potential is transformed to
3 An analysis of the invariant approach along the lines of [67] [68] [69] [70] [71] is postponed to a future work.
where the canonically-normalised field φ is related to the Jordan frame fieldφ via
The Einstein frame potential then depends formally only on two parameters: Λ, and ξ φ . As Λ will be employed to satisfy the constraint on the amplitude of scalar perturbations [6, 7] , the values obtained for the (normalisation-independent) observables r and n s will depend only on the value of ξ φ .
Reaching the constant roll limit
Before presenting the results obtained with the model at hand, we show that the constant roll dynamics is indeed achieved and maintained by the inflaton during its evolution.
To this purpose, we compare the field trajectories of the complete Klein-Gordon equation for the inflaton field (2.8) to the ones obtained under the constant-roll approximation,
for the potential specified in eq. (3.6).
In Fig. 1 we show the results obtained in the φ −φ phase space for different initial conditions and for ξ = 0.3. This value for the non-minimal coupling corresponds to the linear inflation limit [11] of the model under consideration. The red dashed line corresponds to the solution of (3.8) with β = 0.005 (see also Fig. 5 ). The attractor behaviour of the constant roll solution is manifest. The exact attractor trajectory is very well approximated by the constant roll trajectory, especially for φ > M Pl , which is the region that is most relevant in the computation of the inflationary parameters. We find a similar attractor behaviour for other values of ξ and β as well.
The stability of the constant-roll attractor can be further investigated by employing the technique developed in [66] . We can write the scalar potential in terms of H(φ) as
Then, varying the above equation we have
which, for a given solution H 0 (φ), becomes
Pl
with φ 0 some initial value of the canonically-normalised scalar field.
In Fig. 2 we show that the linear perturbations of the Hubble parameter are decaying, which implies that the attractor solutions are stable. Finally, we note that although the potential (3.6) is not among the exact constant roll solutions found in [40] , it can still be considered as an approximately constant roll one in the sense that |β|/(H|β|) 1 if β 1 i.e. in a slow-roll regime. One can easily verify that this is indeed the case by performing a numerical calculation oḟ (3.12) which is obtained after differentiating the Klein-Gordon equation (3.8) with respect to t and keeping in mind that in the most general case the parameter β may exhibit a non trivial dependence on the inflaton field value. This is also confirmed by our results in the Section 4 (in particular Figs. 4 and 5).
Results
In Fig. 3 we plot the first Hubble parameter H as a function of the inflaton φ in the constantroll and slow-roll approximations for N = 60 e-folds and ξ φ = 0.3. The black solid line corresponds to the constant-roll regime, c.f. eq. (A.1), while the blue dashed line corresponds to the slow-roll approximation encapsulated in the standard relation of eq. (2.11). As we can see, the difference between the two approaches diminishes with larger values of φ and becomes relevant near the end of inflation, when we have exactly H = 1. As the discrepancy between slow roll and constant roll is sizeable only in the latest stage of inflation, we expect the latter to deliver similar results for the scalar-to-tensor ratio r. This is confirmed in Fig. 4 , where we plot this quantity as a function of n s for the 1st order slow-roll approximation (blue dashed line; ξ φ = 0.3) 4 and for the constant-roll regime (black solid line, ξ φ = 0.26, 0.29, 0.30, 0.32, 0.35), taking N e ∈ [50, 60] e-folds. The (light) green area shows the (1) 2σ best fit of the BICEP2/Keck data [8] . As we can see, although the predictions for r are remarkably similar (∆r = 0.001), the two approaches yield substantially different values of the spectral index n s computed as a function of ξ φ . In particular, we notice that the 2-σ bound from the BICEP data forces ξ φ ∼ 0.29 − 0.32.
To further investigate the issue, we plot in Fig. 5 the constant-roll parameter η H ≡ −β obtained for various values of the non-minimal coupling ξ φ . For ξ φ / ∈ [0.29, 0.32], we find that η H assumes values large in magnitude which push the predictions of constant-roll linear inflation into the disfavoured region. [40] , casts a mild lower bound on the value of the non-minimal coupling ξ φ within the present framework. Notice also that the curvature perturbations in the superhorizon regime have the form [39] 
where a is the scale factor. As in our case the constant-roll parameter β = −η H ∈ [−0.325, 0.07], see Fig. 5 , the second term in the above equation is suppressed and the scenario has no superhorizon evolution of the curvature perturbations.
To conclude, we remark that the exact constant-roll linear inflation limit, corresponding to ξ φ → ∞, is ruled out by the BICEP2/Keck data. Because only quasi-linear potentials like the one depicted in Fig. 6 are allowed, we named the proposed scenario constant-roll quasi-linear inflation. 
Conclusions
The slow-roll approximation is generally considered to be an adequate description of the dynamics of inflation. The expected precision of future experiments, however, prompts us to examine the equation of motion of the inflaton in more detail. To this end, in the present paper we considered constant-roll inflation, a scenario in which the inflaton rolls down its potential at a constant rate throughout the whole inflationary process. By expressing the inflaton equation of motion in terms of the first two Hubble ( H , η H ) and potential ( V , η V ) slow-roll parameters, we found analytical solutions of the former in terms of the latter. With such expressions, for a given potential we can compute the value of the inflaton field at the end of inflation by setting H = 1, similarly to the usual slow-roll case. The values for the relevant inflationary observables can then be obtained by requiring a duration of N = 50 − 60 e-folds.
Since linear inflation is presently at the boundary of the region allowed by the experiments, we chose to apply our method to the non-minimal Coleman-Weinberg model developed in [11] , presenting an Einstein frame potential which interpolates between quadratic and linear inflation. We found that at a given number of inflation e-folds the tensor-to-scalar ratio differs by about ∆r = 0.001 in the two approaches. Such a discrepancy is within the sensitivity of the CORE mission [72] . Furthermore, we found that in the constant-roll regime η H , and consequently the scalar index n s , strongly depends on the value of the non-minimal coupling ξ φ . The current 2-σ confidence interval of n s then constrains the non-minimal coupling to be ξ φ ∼ 0.29 − 0.31, preventing the model from reaching the linear limit valid for ξ φ → ∞. 
